Recently, aLIGO has announced the first direct detections of gravitational waves, a direct manifestation of the propagating degrees of freedom of gravity. The detected signals GW150914 and GW151226 have been used to examine the basic properties of these gravitational degrees of freedom, particularly setting an upper bound on their mass. It is timely to review what the mass of these gravitational degrees of freedom means from the theoretical point of view, particularly taking into account the recent developments in constructing consistent massive gravity theories. Apart from the GW150914 mass bound, a few other observational bounds have been established from the effects of the Yukawa potential, modified dispersion relation and fifth force that are all induced when the fundamental gravitational degrees of freedom are massive. We review these different mass bounds and examine how they stand in the wake of recent theoretical developments and how they compare to the bound from GW150914.
III. Theories of Massive

I. INTRODUCTION AND SUMMARY
Whether the propagating degrees of freedom for gravity have mass is a fundamental question which has profound consequences for many areas of physics. As we enter the age of gravitational wave observatories, this question has become even more pertinent. Not only can gravitational waves impose a direct bound on the mass, but the mass may also be linked with the existence of new gravitational wave polarizations.
A mass for the graviton 1 may arise from either a pole (hard mass) or a resonance (soft mass). It is generally believed that the masslessness of the graviton is guaranteed by diffeomorphism invariance as in General Relativity. However, as pointed out by Schwinger (Schwinger, 1962) , gauge invariance does not always imply masslessness. Quantum effects from other fields may give rise to a graviton mass without breaking diffeomorphism invariance, a mechanism which has been realized on spacetimes with a negative cosmological constant (Porrati, 2002) . In extra dimensional models in which the effective volume of the extra dimensions is infinite, the four dimensional massless graviton may no longer be normalizable, leading necessarily to an effectively massive theory. In these models a resonance graviton may arise as a metastable state localized on a brane; the most well known example is the Dvali-Gabadadze-Porrati (DGP) model (Dvali et al., 2000a,b) . In such models the effectively massive graviton arises without explicit breaking of diffeomorphism symmetry just as in the Schwinger mechanism.
Alternatively, one may imagine that a mass arises through a gravitational analogue of the Higgs mechanism. To date, no such explicit gravitational Higgs mechanism in a Lorentz invariant theory is known 2 . However, it is well known how to give the graviton a mass and how to encode the additional degrees of freedom through a Stückelberg formalism which would be the low energy effective theory of any possible gravitational Higgs mechanism. These Stückelberg or Goldstone mode low energy effective theories for both Lorentz invariant and Lorentz violating massive gravities are now well known (see (de Rham, 2014 ) for a recent review). Many phenomenological implications may be inferred even in the absence of a known Higgs mechanism or UV completion.
With the recent direct detections of gravitational waves GW150914 (Abbott et al., 2016c) and GW151226 (Abbott et al., 2016b) , the question of the massiveness of the graviton has become even more interesting. The analysis of the phasing of the GW150914 waveform by aLIGO has constrained the graviton mass to m g < 1.2×10
−22 eV 1 Technically speaking gravitons are quantum particles and aLIGO has shown evidence only of classical coherent propagating fields. However, our terminology 'graviton' reflects the generally accepted point of view implied by low energy quantum effective field theory that associated with every propagating field is a quantum particle. It is with this mindset that we will utilize the term graviton throughout, taking as given that the majority of stated constraints are really on the mass of the classical propagating modes. 2 Several papers claiming to have a Higgs mechanism actually describe a Stückelberg mechanism, i.e. only the effective theory around the spontaneously broken state. A model which can achieve both an unbroken and a broken vacuum has yet to be described. (Abbott et al., 2016d) . As we will discuss in more detail later, this is not the strongest bound on the graviton mass, but it is certainly a very solid bound for several reasons. Firstly, it is largely independent of the details of the underlying massive gravity model, mainly relying on the dispersion relation being of the standard relativistic form for a massive particle. Furthermore, it is significantly different from the previous bounds on the graviton mass in the sense that it directly measures the propagating degrees of freedom of the helicity-2 modes, while the previous bounds measure the auxiliary effects due to the existence of the the helicity-2 modes, which are inevitably more model dependent. The addition of the analysis of the GW151226 waveform does not significantly improve this bound (Abbott et al., 2016a) . (See (Yunes et al., 2016) for various theoretical physics Implications of GW150914 as well as GW151226.) However, it is projected that incoming gravitational wave experiments such as eLISA can significantly improve the graviton mass bound along the same line of attack.
In this paper, we discuss what a graviton mass means in the framework of the latest theoretical developments, and review how the bound from GW150914 fits with the bound from other observations and experiments.
In comparing different bounds on the mass of the graviton, it is important to understand both what is the environment and what is physically probed. We usually define the mass by the dispersion relation for fluctuations around Minkowski spacetime; we shall refer to this as the bare mass. However, the actual mass may depend on the environment. For instance, a cosmological background or the background of a heavy object such as a black hole can dress the mass of the graviton making the effective mass smaller or larger than the bare mass. In addition, the graviton mass could be explicitly dependent upon extra fields which give rise to additional temporal or spatial variations (e.g. (D'Amico et al., 2011; Huang et al., 2012) ). Thus while some tests may not appear as constraining when stated as a numerical bound, they can still provide a new window on the effective graviton mass in a specific environment or epoch of the Universe. For instance we anticipate the effective mass in the early Universe to be much larger than the bare mass and so a naively weaker bound in that regime could ultimately be the stronger constraint.
There are also distinctions between whether the bound is being placed on a Lorentz invariant or Lorentz violating massive gravity model, especially since this may affect the existence of the helicity-0 mode. In Lorentz breaking theories the helicity-0 mode may be absent and most of the bounds due to fifth forces, or at least those arising from the helicity-0 mode, can be evaded. In Lorentz invariant theories the helicity-0 mode is necessarily present and its interactions lead to a Vainshtein mechanism that screens, or suppresses the effect, of that mode in most astrophysical systems (Babichev and Deffayet, 2013; Def-fayet et al., 2002b; Vainshtein, 1972) . In some extensions and generalized theories of massive gravity, the interactions of the helicity-0 mode may be suppressed via other means which also weakens the fifth force bounds.
We do not explicitly discuss models of bi-gravity which introduce an additional massless graviton explicitly (Hassan and Rosen, 2012a) . These models transition between massive theories in which the massive graviton dominates the interaction between matter, and theories in which the massless graviton dominates. When the massless graviton does dominate, these theories can be thought of as General Relativity coupled to an exotic form of spin-2 matter. Our interest is in the case where the principal carrier of the gravitational force is massive. In bi-gravity models this corresponds to a region where the effective Planck mass of the massless graviton, M f , is significantly greater than the true Planck mass, M Pl . A genuine bigravity regime will be one where M f ∼ M Pl so that both the massless and massive gravitons contribute comparably to the gravitational force. In this case bounds on the mass of the massive graviton are more difficult to disentangle and deserve a separate discussion. Similar arguments hold for multi-gravity models (Hinterbichler and Rosen, 2012) . It may be easily shown that in the limit where the additional Planck masses M I f M Pl , multigravity models reduce to massive gravity. Extra dimensional models with heavy massive Kaluza-Klein graviton modes will not be discussed since such modes will not be the principal contributors to the gravitational force at large distances and such massive spin-2 states need to be very massive to avoid existing particle physics constraints.
Although in a given model some of the strongest constraints on the graviton mass come from a given theory's implications for cosmology and in particular large scale structure and late time evolution, the majority of these constraints are highly model dependent. For instance, ghost-free massive gravity 3 (de Rham et al., 2011b ) and the DGP model have very similar phenomenological behavior at solar system and astrophysical scales, but have fundamentally different cosmological behavior. For this reason we concentrate mainly on the more universal mass bounds which are largely common to all such models. Some previous work has been done to categorize different bounds on the mass of the graviton in (Goldhaber and Nieto, 2010; Olive et al., 2014; Yagi and Stein, 2016; Yagi and Tanaka, 2010b) . This paper is organized as follows: In Section II, we review the current theoretical understanding of the mass of the graviton in a general context and in various specific massive gravity models. We highlight the van Dam-Veltman-Zakharov (vDVZ) discontinuity and its resolution via the Vainshtein mechanism in many models of nonlinear massive gravity. We then discuss in Section III the different theories of massive gravity that have been introduced in the literature and the relation between those. One aspect of massive gravity is that the gravitational potential typically has a Yukawa type fall-off at the graviton Compton wavelength. The bounds due to this phenomenon are reviewed in Section IV. The bounds due to the modified dispersion relation in the presence of a nonzero mass are then reviewed in Section V. The bound from GW150914 belongs to this category. Finally, the bounds due to tests of the fifth force are reviewed in Section VI. These three types of bounds are quite clean in that they use the "bare minimum" information required for a consistent massive gravity theory and thus can mostly be treated as "model-independent" bounds on the graviton mass. We then conclude in Section VII.
See Table I for a summary of the current and projected competitive bounds on the graviton mass, the details of which will be filled in gradually in the following sections.
Throughout this review, we use the (− + ++) signature, define η µν to be the flat Minkowski metric, and work in units where the reduced Planck constant and the speed of light are set to c = = 1. In natural units, we have
We will also use the reduced Compton wavelength
which we often simply call the Compton wavelength. We define the (reduced) Planck mass M Pl = 1/ √ 8πG, where G is Newton's gravitational constant. The helicity-0 mode of massive gravity or the Galileon scalar is denoted as π.
II. MASSIVE GRAVITON
We start by clarifying what is usually meant by the mass of the graviton and briefly review the generic physics behind models where the graviton has a mass in a largely model independent fashion. See (Hinterbichler, 2012; de Rham, 2014) for a recent review and more detailed discussions on theoretical aspects of massive gravity. We will discuss three generic implications of the graviton being massive: the implications for the finite range of gravity, the dispersion relation, and the existence of the fifth force. The graviton mass has other implications (for instance on the evolution of the Universe, formation of structure, etc.) but as mentioned previously we will focus on these three effects as they are relatively model independent (especially for the dispersion relation).
TABLE I Current and projected bounds on the graviton mass and its reduced Compton wavelength from three classes of massive graviton effects, the details of which will be explained accordingly in the following sections. These three classes, specifically the first two, are largely independent of the assumed massive gravity models, making them in some sense more robust or specific than typical bounds or constraints obtained from the cosmological considerations. Cosmological bounds or constraints on the graviton mass (except for the projected, clean bound from the CMB B-modes utilizing the modified graviton dispersion relation, see below) are not listed in this table or reviewed in this paper. The masses reported are upper bounds and the reduced Compton wavelengths lower bounds. Bold entries are the most model independent and rigorous, normal type face are for those measured with current data and italic for projected measurements.
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A. Degrees of Freedom
Particles can be classified by the irreducible representations of the Wigner's little group of the spacetime symmetry group (Weinberg, 2005) . General Relativity is Lorentz invariant and described by a massless spin-2 particle around Minkowski space with two helicity-2 degrees of freedom (or polarizations, or modes). The structure of theories of massive gravity depends significantly on whether or not the theories are required to be Lorentz invariant 4 . Resonances, which are often linked to large extra dimensions, have a continuous spectrum of degrees of freedom.
Poincaré Invariant
Assuming Lorentz invariance, or more precisely full Poincaré invariance, a massive graviton furnishes the spin-2 representation of SU(2), the little group of the Poincaré group, which has five degrees of freedom (two helicity-2, two helicity-1 and one helicity-0; see Section II.C.5). This is three more than its massless counterpart. On other hand gravitational waves could have up to six polarizations (see Fig. 1 ). In General Relativity only the two tensor modes, which are the polarizations strictly transverse to the line of propagation of the gravitational waves are allowed.
The simplest class of Poincaré invariant massive gravity models is to modify General Relativity by adding a graviton potential to the action. This potential consists of terms involving the metric and a reference Minkowski metric but without derivatives. A reference metric is necessary to construct a graviton potential for a local nonlinear massive gravity theory, and to preserve full Poincaré invariance the unique choice is the Minkowski metric.
We only consider this class of massive gravity models because modifying the kinetic structure by adding derivative terms will introduce ghost instabilities (Matas, 2016; de Rham et al., 2014b de Rham et al., , 2015b de Rham and Tolley, 2015) . A ghost is a field with negative kinetic energy. The existence of such a mode would make the vacuum extremely unstable, as the vacuum would then be able to decay into normal particles with positive energy and ghost particles with negative energy. In reality, modified kinetic terms may be added provided that the mass of the ghost is at or above the cutoff of the low energy effective theory, but this necessary implies the contributions of such terms will be suppressed, i.e. they should be treated as perturbative corrections.
In this class of massive gravity, gravitational waves could in principle carry all six polarizations depicted in Fig. 1 . However, the longitudinal scalar mode is always associated with a ghost instability known as the Boulware-Deser (BD) ghost (Boulware and Deser, 1972) and therefore for massive gravity to make sense, there should be an additional constraint that prevents the propagation of one of the scalar polarizations. For instance at the linear level, the ghost can only be eliminated by the the unique Fierz-Pauli potential (Fierz and Pauli, 1939) . Nonlinearly, there is a unique two-parameter family of nonlinear graviton potential, called ghost-free massive gravity or the de Rham-Gabadadze-Tolley (dRGT) model, (de Rham and Gabadadze, 2010; de Rham et al., 2011b) which generalizes the linear Fierz-Pauli potential and entirely eliminates the BD ghost (Hassan and Rosen, 2012b,c; de Rham and Gabadadze, 2010; de Rham et al., 2011b) . So in the dRGT model, there are five degrees of freedom, matching the number of degrees of freedom for a massive spin-2 particle 5 .
5 The degree of freedom and constraint counting is most clear in the Hamiltonian formulation. See (de Rham, 2014) for careful counting of them in massive gravity models. Note that typically in Lorentz invariant massive gravity not all of the five degrees of freedom couple to the matter with the same strength. If they did, then fifth force tests (such as solar system tests or pulsar timing observations) would already rule out the model. For example, the existence of a scalar mode implies that binary systems can emit a monopole radiation. However since the scalar couples to matter much more weakly than the tensor modes, the power emitted in the monopole is very weak. Thus if there is a monopole signal accompanying the gravitational wave emission, it is typically expected to be much weaker (see the discussion on the Vainshtein mechanism in Section II.D and on the fifth force constraints in Section VI).
Lorentz Violating
For Lorentz violating theories, the spacetime symmetry is usually assumed to be the Galilean Group, although more generally we may imagine any subgroup of the Poincaré or Galilean groups. The Galilean group has SU(2) as the little group for massive particles, and one can still define spins for massive particles. In this case one can construct many possible ghost-free Lagrangians (de Rham, 2014; Rubakov, 2004 ) (see also (Comelli et al., 2015 (Comelli et al., , 2011 (Comelli et al., , 2014 De Felice and Mukohyama, 2016; Dubovsky, 2004; Lin, 2013) ). A Lorentz violating massive graviton may carry between two and five degrees of freedom (potentially even six). Lorentz invariance violations have been tightly constrained by various experiments, particularly in the matter sector, and recently in the framework of the "Standard Model Extension" (Bluhm, 2006; Kostelecky and Russell, 2011) , which parametrizes all possible Lorentz violations from the point of view of effective field theory. More recently, the GW150914 detection has also been used to impose a direct constraint on the Standard Model Extension and the pure gravitational sector (Kosteleck and Mewes, 2016; Yunes et al., 2016) .
Nevertheless, assuming that Lorentz violations are sufficiently small to avoid constraints from the matter sector, these massive gravity models may still be viable. A common feature about Lorentz invariant and Lorentz violating theories is that both will necessarily include the two helicity-2 modes (i.e. transverse traceless) that will reproduce the graviton of General Relativity in the appropriate limits. Thus all such theories have a set of universal features determined by the helicity-2 modes alone, which can be used to establish some universal bounds on the graviton mass.
B. Massless Graviton Propagator
The helicity-2 degrees of freedom in General Relativity are sourced by the transverse and traceless projection of the spatial part of the stress-energy tensor T TT ij . Let us review how to understand this in a manner which will be useful for subsequent generalizations.
At an elementary level, a gravitational force is a force between two stress-energy tensors. In the weak field limit this is determined by the single graviton exchange amplitude between two sources, T µν 1 (x) and T µν 2 (y), which takes the form
where G µναβ (x, y) is the graviton propagator
whereT is the time ordering operator. At tree level in General Relativity, we have
or more schematically
where = η µν ∂ µ ∂ ν is the standard d'Alembertian in flat space. The polarization structure in Lorentz gauge is given by
where the symmetrization of indices is defined with the factorial in the front. This polarization structure of the propagator ensures that only the transverse traceless degrees of freedom are propagating. In particular, we note that only the transverse traceless part of the stressenergy tensor contributes to the imaginary part of the exchange amplitude
Explicitly demonstrating this requires writing this expression in momentum space and using the on-shell condition = −k 2 = 0. Then, by the optical theorem only the transverse traceless or helicity-2 degrees of freedom are propagating particles.
The single graviton exchange amplitude is gauge invariant and uniquely determines the gravitational force in the weak field region and, as such, contains information on both the static part of the force and the radiative part through the pole structure of the propagator. For example, for two point masses
, the static force between them is given by the Newtonian force
where T is the total time integrated over. On the other hand, for the massive propagators considered later,
/dr is of the Yukawa form ∼ e −mgr /r 2 .
C. Massive Graviton Propagators
In a massive theory, the graviton propagator G µναβ pole structure is modified. Either it gains a pole at some finite mass = m 2 or in the case of a resonance graviton it gains a branch cut and a pole on the second Riemann sheet. The emergence of the branch cut is clear in the spectral representation formula since a branch cut may be viewed as a continuum of poles. The pole lies on the second Riemann sheet since its energy should have a negative imaginary part E R − iΓ/2 and is hence in the lower right quadrant of the complex E plane. When constructing s = −E 2 the lower half of the complex E plane becomes part of the second Riemann sheet. This modification of the pole structure is universal to both Lorentz invariant and Lorentz violating massive theories. Secondly, the polarization structure may be modified in a manner which allows for additional polarizations to be propagating. The precise details of this part can be model dependent.
Hard Mass Graviton
At tree level, in a theory of a hard mass graviton which preserves rotational invariance, time translation invariance and time reverse invariance, the general structure of the propagator is If time or space translation invariance is broken, for example in an FLRW Universe, then the spectral representation of the propagator is not so clean as it is necessary to solve the mode equations on the appropriate background. Even the definition of mass is ambiguous on a background which breaks translation invariance. The exception is the case of maximally symmetric spacetimes such as (anti) de Sitter, where there is an accepted definition of the mass for a spin 2 field based on the representation theory for the (anti) de Sitter group. However, these concerns are somewhat mute when putting bounds on the masses which are much larger than the associated curvature scale, since in this case spacetime is locally Minkowski, and the full propagator will for distances much less than the curvature scale approximate the above form. In other words, space or time dependence of the background, i.e. the breaking of space-time translation invariance, is only a concern for masses comparable to or smaller than the spacetime curvature scale at the time the bound is being placed.
Resonance Graviton
At tree level in a theory of a resonance graviton which may be Lorentz violating, but preserves rotational, time translation and time reversal invariance, the general structure may be a superposition of the hard mass form
where µ is the spectral mass, f I
µναβ (µ) may be dependent on the spectral mass,
Lorentz violating dispersion relation and ρ I (µ) > 0 are the positive semi-definite spectral densities. This kind of propagator may arise in the 4D effective theory of higher dimensional models such as the DGP model (Dvali et al., 2000a,b) . The different functions F I [−∇ 2 ] account for the fact that the different polarizations can have distinct dispersion relations and spectral densities ρ I (µ). The propagator reduces to that of a hard mass spin-2 field for ρ(µ) = δ(µ − m g ).
For a graviton resonance that is centered at a finite value and is not too wide, i.e. the width is much smaller than the mass bound itself, the bounds for the hard graviton mass may still apply. For a broad resonance, such as in the DGP model, the bounds are qualitatively similar, but quantitatively modified. Most noticeably, for a broad resonance, the large distance fall-off of the propagator may be much weaker than the exponential form, e.g. power law fall-off.
Lorentz Invariant Polarization Structure
At the linear level, the action for a single Lorentz invariant massive spin-2 field h µν on Minkowski was derived by Fierz and Pauli in 1939 (Fierz and Pauli, 1939 )
whereÊ represents the Lichnerowicz operator (Ê αβ µν h αβ being the linearized Einstein tensor) and T µν is again the matter stress-energy tensor. The structure of the Fierz-Pauli mass term h 2 µν − h 2 is essential in avoiding a ghost instability to that order in perturbation theory, and this combination is unique assuming Lorentz invariance 6 . In four spacetime dimensions, a Lorentz-invariant massive spin-2 field carries 5 polarizations. The propagator for a Lorentz invariant hard massive spin-2 field is
where f
6 The cosmological constant term √ −gΛ when expanded around ηµν gives rise to a quadratic term h 2 µν − h 2 /2, but these should not be confused with a mass term. Indeed, the expansion of √ −gΛ also gives rise to a tadpole term h, which indicates Minkowski space is not really a valid background for the theory, and therefore the quadratic term in h cannot be thought of as a mass term in this case.
Similarly the propagator for a Lorentz invariant resonance graviton is
where ρ(µ) is the positive semi-definite spectral density. Lorentz invariance does two things: one is it fixes the form of the dispersion relation, and hence the 1/(− + µ 2 − i ) structure, and secondly it fixes the form of the polarization tensor f (FP) µναβ .
Linear vDVZ Discontinuity
Comparing the massless and Lorentz invariant massive graviton propagators, we see that the single graviton exchange amplitude calculated with the m g → 0 limit of Eq. (15) does not reduce to the General Relativity case Eq. (3); there is a finite difference η µν η αβ /6 between f (FP) µναβ (m g ) and f µναβ even when m g → 0. Note that in this comparison, since the stress-energy tensor is conserved ∂ µ T µν = 0, one may replaceη µν with η µν , so the divergence of Eq. (17) in the limit m g → 0 does not have physical significance. However, for a source with a traceless stress-energy tensor, which is the case for photons, the finite difference in the exchange amplitudes vanish. Thus this finite difference can not be compensated by redefining the Planck mass. This is for historical reasons dubbed the van Dam-Veltman-Zakharov (vDVZ) discontinuity (van Dam and Veltman, 1970; Iwasaki, 1970; Zakharov, 1970) 7 . If the gravitational phenomena in the weak field limit, as in the solar system, were described by the propagator Eq. (15), Lorentz invariant massive gravity with an infinitesimal graviton mass would have been ruled out observationally by this discontinuity. Indeed, the vDVZ discontinuity is sometimes wrongfully used to argue that the graviton mass is mathematically zero (Olive et al., 2014) .
The resolution behind the previous apparent discontinuity lies in the Vainshtein mechanism which is related to whether or not the previous linear approximation is valid. First it is worth emphasizing that already within the solar system, while the weak field approximation is a good one for General Relativity, we are already able to observe the non-linear effects of General Relativity, and therefore focusing solely on the previous linear approximation of either the massive or massless theory would lead to wrong predictions.
The real distinction between General Relativity and massive gravity is that the linear weak field approximation breaks down even earlier for massive gravity. If we take the example of the solar system, although the weakfield approximation is a good one for the helicity-2 mode, the helicity-1 and helicity-0 modes of the massive graviton are in the strong field regime. Therefore, it is not sufficient to use the linear approximation in these environments and the vDVZ discontinuity is an artifact of using that approximation beyond its regime of validity.
When breaking Lorentz invariance, it is possible to maintain a greater regime of validity for the linear approximation and the linear vDVZ discontinuity may even be avoided in some cases (De Felice and Mukohyama, 2016; Rubakov and Tinyakov, 2008) .
Stückelberg Fields and vDVZ Discontinuity
The origin of the vDVZ discontinuity lies in the fact that the helicity-0 mode of the massive graviton couples to the matter source, specifically the trace of the stress energy, with a gravitational strength even in the limit of m g → 0. It is simple to see this in the Stückelberg formulation of the linear Fierz-Pauli theory, by introducing the fields A µ and π with the replacement
The idea of this Stückelberg formulation is to restore the same gauge invariance as the massless theory. Indeed, in this formulation, the Fierz-Pauli theory is invariant under the following gauge transformations: δh µν = ∂ (µ ξ ν) , provided the Stückelberg fields are transformed appropriately, δA µ = −ξ µ . In addition the theory is also invariant under the following U (1) gauge transformation of the Stückelberg fields : δA µ = ∂ µ Λ, with δπ = −Λ. By appropriate choices of gauge, h µν , A µ and π become the helicity-2, helicity-1 and helicity-0 degrees of freedom in the high energy or massless limit 8 . An important feature is that π obtains its kinetic term by mixing with h µν . After diagonalization h µν =h µν + m 2 g πη µν and then canonical normalization of the kinetic termŝ
, it turns out that, in the massless limit, the helicity-1 modes decouple from the matter source T µν , while the helicity-2 and helicity-0 modes couple to T µν at the gravitational strength
So compared to General Relativity, the single graviton exchange amplitude in Fierz-Pauli theory in the small m g limit has an extra contribution from the couplinĝ πT
. This is the origin of the vDVZ discontinuity.
D. Nonlinearities and Vainshtein Screening
The propagators and the vDVZ discontinuity we have discussed so far, are linear properties of a massive gravity theory about the vacuum, relying only on the free (linearized) action. Just as Newtonian gravity is a good approximation for General Relativity in the weak field regime, the linear theory is only a good approximation for massive gravity when the weak field approximation is justified (for instance about a single massive object, the weak field approximation is justified at sufficiently large distances from the object). In the case of Lorentzinvariant massive gravity such as the DGP and dRGT models, whose full nonlinear actions will be displayed in Section III, the non-linearities of the theory are important much before what would be the case in General Relativity.
Nonlinear Resolution of vDVZ Discontinuity
The Vainshtein screening operates in very generic situations, but it is instructive to state the mechanism in a simple example. If we consider an isolated static mass like the Sun, in General Relativity, the non-linearities are important within the Schwarzschild radius which is of the order of r S, ∼ 3 km. This means that beyond that distance, corrections to the linear weak field approximation are small (but can still be observable). In the DGP model and dRGT model, the non-linearities become important already at much larger distances of the order of the Vainshtein radius r V , and for the Sun this is of astronomical orders,
where we have taken m g ∼ 10 −20 eV as an arbitrary reference. As m g → 0, r V, goes to ∞, which means that the non-linear corrections beyond the Fierz-Pauli action, Eq. (14), are relevant almost everywhere and the linear Fierz-Pauli approximation is never valid. The non-linear corrections beyond the Fierz-Pauli action are precisely what restore the smooth limit towards General Relativity in the massless limit. It has indeed been shown in some specific situations how one recovers observations which are very close to General Relativity once we take the nonlinear terms of massive gravity into account, (Babichev et al., 2009; Deffayet et al., 2002b) . Therefore, the vDVZ discontinuity is not physically present and is an artifact of using the linear Fierz-Pauli action beyond its regime of validity without accounting for the corrections that enter from the gravitational theory. The general mechanism by which General Relativity is recovered from nonlinearities is what we refer to as the Vainshtein mechanism (Vainshtein, 1972).
Vainshtein Redressing
To get a better insight on how the Vainshtein mechanism works, it is useful to start with the linearized Lagrangian (20) and focus solely on the helicity-0 modê π. Sinceπ originates from the Stückelberg replacement (19), non-linearly, it will carry some derivative interactions at a scale Λ M Pl which is a geometrical mean between the Planck scale and the graviton mass. Then the non-linear Lagrangian forπ will take the form (omitting dimensionless factors of order 1),
where G captures the derivative self-interactions. We may now consider the situation where the source T can be decomposed into T = T 0 + δT , where the scales involved in T 0 are much larger than that involved in δT . This may for instance occur if we are interested in the gravitational force between two light objects encoded in δT that are located in the vicinity of a large source (like the Sun or the Earth), encoded in T 0 . Alternatively, this decomposition is useful for binary systems where the two masses can be split into a total mass at the center of mass T 0 and deviations from it encoded in δT .
Within that setup, the fieldπ acquires a non-trivial classical profile π 0 determined by T 0 , with ∂π 0 Λ 2 and ∂ 2 π 0 Λ 3 in the vicinity of the large source, while δT leads to small fluctuations δπ on top of that background. Expanding the field about this profile,π = π 0 + δπ and considering the linearized theory to second order in the perturbed field δπ we have
where the effective metric Z µν depends on the back-
. Far away from the source T 0 , we are in the weak field regime and the standard kinetic term for π dominates and Z µν ∼ η µν .
In that regime, the force mediated by δπ is comparable to the gravitational Newtonian force. However closer to the source T 0 (i.e. within its Vainshtein radius), the interactions dominate ∂π 0 Λ 2 and ∂ 2 π 0 Λ 3 , leading to Z 1. To understand the effects it is easier to canonically normalize the field δπ, symbolically, χ ∼ √ Zδπ leading to
For Z 1, the coupling of the helicity-0 mode to the matter source δT is strongly suppressed compared to the standard M Pl gravitational coupling. It follows that within the Vainshtein region the helicity-0 mode mediates a weak force and effectively decouples. This the essence of the Vainshtein mechanism.
It is worth noting that in practice, the Vainshtein mechanism does not necessarily need to involve a particular large source T 0 . For instance just the effects from the vector modes may be sufficient to activate the Vainshtein mechanism and to decouple both the helicity-0 and -1 modes, (de Rham et al., 2016a,b) .
Galileon Field Theory
In the previous discussion we considered the Vainshtein mechanism to be generated by arbitrary derivative interactions. In practice in any ghost-free theory of massive gravity or a resonance, (DGP or dRGT), those interactions are intimately intertwined with that of the Galileon (Nicolis et al., 2009) , which is a scalar field invariant under the following nonlinearly realized shift symmetry
where c and b µ are constant and x µ is the spacetime coordinate 9 . For example, the helicity-0 mode of the DGP and the dRGT model is a Galileon (see Section III). The reason for this may be understood from the Stückelberg formulation of massive gravity, Eq. (19), where the Goldstone scalar π for a spin-2 particle always has two derivatives acting on it. For Lorentz violating massive gravity models that require a Vainshtein mechanism to recover General Relativity, a Goldstone scalar is also expected.
Imposing the Galileon symmetry (26) and the requirement of no high order derivatives in the equation of motion (to avoid Ostrogradsky ghosts), all possible Galileon interactions can be written as
Note that for I = 2 we recover the standard kinetic term (∂π) 2 which naturally satisfies the Galileon symmetry (up to integrations by parts, that is at the level of the action but not the Lagrangian). In n dimensional spacetime, there are only n − 1 Galileon interactions (with I > 2), as there are only n spacetime indices. Even though L Gal I (π) seems to contain higher order derivatives, this is deceiving; indeed, the equations of motion are manifestly second order.
It is easy to show that the Vainshtein screening is a generic feature of Galileon field theory (Nicolis et al., 2009) . Another interesting field theoretical property of all these Galileon interaction terms is that their coupling constants are not renormalized under loop corrections (Luty et al., 2003; Nicolis and Rattazzi, 2004; de Rham et al., 2013a) . See (Trodden and Hinterbichler, 2011) for a review of Galileon field theory.
E. Implications of a Massive Graviton
If the graviton has a mass, there will be many physical implications, some more model dependent than others. Broadly speaking they can be split into three categories: (1) those associated with the weakening of the force at large distance due to a Yukawa-like potential. (2) Those associated with a strengthening of the gravitational force at intermediate scales due to the additional scalar modê π leading to a fifth force. (3) Finally there are those effects that probe the modified dispersion relation, i.e. the fact that gravitational influence no longer travels at the speed of light. This does not exhaust possible physical effects, but the majority of observational constraints are associated with these three. Less obvious effects are that in certain theories, the massive gravitons could condense to form an effective negative pressure stress energy, potentially giving rise to the late time accelerated cosmic expansion. This type of self-accelerating mechanism, as was originally realized in the context of the DGP model (Deffayet et al., 2002a) , is very model dependent. It is still too early to claim that the observed late time cosmic acceleration has put a lower bound on the graviton mass, as dark energy can also be explained with models other than massive gravity. There is an on-going effort in cosmology to constrain and differentiate massive gravity (de Rham, 2014) and other dark energy models. In this paper we will review the mass bounds that are largely model independent which typically lie in one of the three stated categories. mass graviton theories, the propagator (12) obtained from the linear theory leads to a Yukawa type of potential. This can be seen by considering a static source M localized at x = 0 with effective stress-energy tensor T
. This is a generic feature of massive gravity theories, independent of the nonlinear interactions a theory may have, but does assume that the linear (weak field) approximation is applicable. In a Lorentz violating massive gravity where there is no vDVZ discontinuity, this is typically the case and in such theories gravity is weaker than General Relativity for the most part. Even in the cosmological context, gravitational fluctuations about the cosmological background are typically weak and the Yukawa suppression will be realized, albeit with a possible cosmological dressed mass. In Lorentz invariant massive gravity the situation is more subtle, at intermediate scales, which may extend out as far as the Hubble horizon, the helicity-0 and helicity-1 modes cannot be treated linearly, and so the Yukawa form cannot be trusted. However, as we have discussed above, the nonlinearities of the Vainshtein mechanism screen the undesirable large effects from the helicity-0 and helicity-1 modes, while the linear approximation of the helicity-2 modes typically remains valid in conventional weak gravity regimes of General Relativity.
Therefore, whether Lorentz invariant or violating, the helicity-2 modes can typically be treated linearly in environments such as the solar system, and the Yukawa potential is expected to be applicable there. Based on this linear approximation, if the graviton had a hard mass, the force of gravity would have a finite range of the order of the graviton's (reduced) Compton wavelength λ g . There may be a fifth force coming from the non-helicity-2 modes, but the fifth force will be largely screened by the Vainshtein mechanism so we expect the Yukawa fall-off to at least be significant around the graviton Compton wavelength.
Note, however, that in massive gravity models, there can be branches of nonlinear solutions which are asymptotically flat but will not exhibit this Yukawa suppression at large distances (Berezhiani et al., 2012; Comelli et al., 2011; Gruzinov and Mirbabayi, 2011; Nieuwenhuizen, 2011) . Some of these solutions have problems such as horizon singularities and instabilities (Berezhiani et al., 2012 (Berezhiani et al., , 2013a . Non-Yukawa fall-off is a known feature in massive gravity models augmented with additional degrees of freedom (Brito et al., 2013; Tolley et al., 2015; Volkov, 2015; Wu and Zhou, 2016) . Those solutions have a more promising fate in terms of theoretical consistency, due to the extra degrees of freedom. All of these features are a consequence of the massive gravitons condensing and acting as an effective stress energy which sources a slower fall-off.
More generally, even when working in the standard branch, in resonance graviton theories, the exponential fall-off of the Yukawa potential may be softened to a power law, albeit one with a stronger fall-off than 1/r 2 . The transition to this stronger power law, occurs around a scale determined by the effective mass of the resonance which may similarly be translated into a (reduced) Compton wavelength λ g . Thus while resonance graviton theories may lead to a weaker than Yukawa suppression, there will nevertheless be a suppression in the force from the helicity-2 modes at the scale λ g .
Some of the tightest current graviton mass bounds come from considering the Yukawa modification of the gravitational force in the solar system or larger structures; see Section IV.
Modified Dispersion Relation
Another feature universal to all the forms of the massive graviton propagator is the effect of the mass on the dispersion relation. This makes the speed of the gravitational waves depend on the wave frequency. As discussed in Section II.C.1, the minimal case F I [p 2 ] = p 2 is usually assumed at least for the helicity-2 modes, which is the case for many massive gravity models. The modified dispersion relation for the helicity-2 modes is then given by
Equivalently, this can be formulated as the graviton traveling sub-luminally
where E is the graviton energy and v g is the group velocity. Non-helicity-2 modes may not exist in the case of some Lorentz violating massive gravity models. In the case of Lorentz invariant massive gravity they are necessarily present, and their dispersion relation is necessarily of the form of Eq. (29) perturbatively around the Minkowski vacuum. However, in a matter environment, the dispersion relation for the helicity-1 and helicity-0 modes may be significantly modified. Furthermore, in regions where the dispersion relation is modified, the nonlinear Vainshtein screening of the non-helicity-2 modes is expected so that their effects will be minimal. For example, the production of gravitational waves of helicity-1 and helicity-0 type is expected to be suppressed from dense sources. The end result is that one may only consider the modification for the helicity-2 modes but neglect the non-helicity-2 modes, which is the assumption for the mass bounds discussed in Section V. In this sense, the bounds from modified dispersion relation can be regarded as model independent.
The mass bound from the recent detection of GW150914 by aLIGO is of this kind. This relies on the fact that the gravitational wave frequency increases in the duration of GW150914. Since the velocity of a gravitational wave depends on its frequency or energy according to Eq. (30), the tail of the signal will travel faster than the front if the graviton is massive, which makes the whole signal more "squeezed" than in General Relativity. This phasing difference leads to the bound quoted by (Abbott et al., 2016d) . With the coming of gravitational wave astronomy, it is expected the mass bound from this simple consideration will improve in the future. Not only does the modified dispersion relation shape the phasing of directly detected gravitational waves, but it may also affect the production and evolution of primordial gravitational waves, among a few other effects. The GW151226 event, from a lower mass merger, has lower GW frequencies and a lower signal-to-noise ratio, and thus it can only put a weaker bound on graviton mass. See Section V for more details.
Fifth Force
A large class of tests of General Relativity determine whether there exists a "fifth force" . Indeed, many massive gravity models give rise to a fifth force of some sort. Unlike the effects from the Yukawa fall-off and the modified dispersion relation, which are basically based on information on the linear theory, one usually needs to consider all the nonlinear interactions to establish massive graviton bounds from the fifth force tests, particularly for massive gravity models that exhibit a Vainshtein mechanism.
The reason for this, as discussed in Section II.C.4, is the existence of the vDVZ discontinuity. For example, for the tensor structure, Eq. (16), of the Lorentz invariant massive graviton propagator (15), a factor of −1/3 enters the last combination instead of the −1/2 for a massless spin-2 field (7). Within the linear theory, this corresponds to an order one correction compared to General Relativity, which does not disappear in the massless limit. However, the vDVZ discontinuity is not a physical discontinuity but a pure artifact of using the linear theory beyond its regime of validity, simply signaling the existence of additional polarizations. As discussed in Section II.D, General Relativity is recovered to a good approximation in most conventional astronomical situations, thanks to the Vainshtein screening mechanism. However, the additional polarizations, particularly the helicity-0 mode, still mediate a very small force, which can be constrained through fifth force experiments. Indeed, fifth forces can give rise to some of the tightest bounds on the graviton mass.
The nonlinear Vainshtein mechanism may differ in detail in specific models, but a common feature is that there will be a Galileon-like scalar that plays a major role (see Section II.D.3). In Section VI, we will restrict to this class of bounds for the DGP and dRGT models and the decoupling limit approximation of these models (see Section III). Due to the common Galileon-like symmetries, it is expected that the mass bounds derived should be roughly applicable for all models where the helicity-0 mode does not decouple.
III. THEORIES OF MASSIVE GRAVITY
The form of the non-linearities and interactions in massive theories of gravity is significantly constrained by the necessity of preserving a ghost-free structure (at least up to a given energy scale). In higher dimensional soft-mass models such as the DGP model, this is achieved automatically by requiring the theory to be invariant under higher dimensional diffeomorphisms. In the case of Lorentz violating massive gravity, one has a little more flexibility to engineer a ghost-free structure (Comelli et al., 2014) . In the case of Lorentz-invariant hard mass gravity, this was successfully achieved for the first time in (de Rham and Gabadadze, 2010; de Rham et al., 2011b) . The structure of this model is unique up to a couple of free parameters. In all of the Lorentz invariant models, and in certain Lorentz violating models, the non-linearities implement a Vainshtein mechanism (Vainshtein, 1972) , which is responsible for decoupling the additional polarizations of the graviton and hence strongly suppressing deviations from General Relativity. This was shown precisely in the context of soft massive gravity in (Deffayet et al., 2002b) , and the implementation for a hard mass graviton (Babichev et al., 2010; Vainshtein, 1972 ) is very similar (see (Babichev and Deffayet, 2013 ) for a review). Also, as discussed in Section II.D.1, nonlinear massive gravity allows for nonlinear backgrounds around which the vDVZ discontinuity is absent (de Rham et al., 2016b) .
Below we revisit some theories of massive gravity that have been proposed in the literature. Many of these theories have specific tests which may constrain their particular parameters in special ways. In this paper, we only review the generic constraints on the graviton mass which are applicable to most of these models, with a few specific exceptions. In particular, the mass bounds from the fifth force tests are for the DGP model and Lorentz invariant ghost-free massive gravity (namely, the dRGT model), or similar models whose implementation of the Vainshtein mechanism is approximated by the Galileon scalar (Nicolis et al., 2009) . We refer to (de Rham, 2014) for a more complete review of these different models of massive gravity.
A. Soft Massive Gravity
Soft massive gravity models can arise in braneworld models where the graviton is not technically massless but a massive "resonance", i.e. a complex pole in the propagator. The DGP model (Dvali et al., 2000a,b ) is a simple example of such models where a brane is embedded in an infinitely large bulk and the bulk and the brane are both endowed with the corresponding Einstein-Hilbert term
where K is the extrinsic curvature scalar of the brane, M Pl and M 5 (R and R 5 ) are the 4D and 5D Planck masses (Ricci scalars) respectively and L m is the matter Lagrangian. (Note that some authors do not write the extrinsic curvature term explicitly.) At large distances the graviton behaves like a 5D massless spin-2 particle, while at short distances its behavior is like a 4D massless one, thus recovering General Relativity locally (Deffayet et al., 2002b) . A simple dimensional analysis reveals that the cross-over scale is around
Pl . From the 4D point of view, the graviton of the DGP model looks like a resonance that is relatively broad, and its decay rate is of the order of the graviton mass itself (Dvali et al., 2000a; Gregory et al., 2000) 
Therefore, its dispersion relation can not be approximated by the standard massive particle's dispersion relation, and many of the mass bounds that rely on the dispersion relation E 2 − p 2 = m 2 g can not be directly applied to this model. Also, due to this broad width, it does not have the harsh cutoff behavior of the massive gravitational force at large distances. The associated potential is not of a Yukawa type but rather extrapolates between the standard 4D Newtonian potential Φ ∼ r −1 at short distances and a 5D Newtonian potential Φ ∼ r −2 at distances larger than the graviton Compton wavelength. The exact form of the DGP potential is (Dvali et al., 2000b) 
where
(cos(t) − 1)/t dt, and γ 0.577, the Euler Masceroni constant.
When viewed as a small correction in terms of m g r, the leading order correction to the gravitational force enters at second order, the same as the hard mass case.
Thus, the Yukawa type of mass bounds established in the perturbative regime can also be applied to the DGP model.
The DGP model contains two distinct branches. In FLRW, the 'normal branch' and the opposite branch which is also the self-accelerating branch on FLRW. While the self-accelerating branch could in principle lead to a natural candidate for dark energy, it has been shown that it is not stable and either the helicity-0 or the helicity-1 mode is a ghost (Koyama, 2005) . The normal branch is stable but requires a more conventional source of dark energy. Thus while the normal branch of DGP is less interesting as an alternative explanation of latetime acceleration, it is interesting as a proof of principle of a model distinct from ΛCDM, which maintains many of the virtues of ΛCDM in addition to the graviton being effectively massive.
The DGP model has been generalized to higher dimensional constructions of soft massive gravity (Gabadadze and Shifman, 2004) and Cascading Gravity (de Rham et al., 2008a (de Rham et al., ,b, 2009 , where the potential may behave differently at large distances and even fall off faster than r −2 . These models also share many of the same features, including the presence of a graviton resonance. Some exact cosmological solutions have been found in (Eglseer et al., 2015; Niedermann et al., 2015) which appear to either be unstable or phenomenologically uninteresting. However the analyses performed so far are not exhaustive and it is likely that solutions arbitrarily close to General Relativity should exist.
Despite some fundamental differences, the DGP model is in many ways qualitatively similar to hard massive gravity, in particular at intermediate scales. It has in common the existence of additional polarizations, which give rise to a weak fifth force. This can be best seen in the decoupling limit we define below.
DGP Decoupling Limit
The implementation of the nonlinear Vainshtein mechanism is very difficult in the full braneworld setup of DGP, but there exist a particular limit of the theory which to a great extent captures a lot of the important phenomenology. The existence of a new scale, the graviton mass, which is parametrically well below the Planck scales, implies a hierarchy of interaction scales which are distinct for the various helicity modes. It turns out that the Vainshtein mechanism is largely implemented in the helicity-0 mode sector whose interactions enter at an energy scale well below the Planck scale. The consequence of this is that the helicity-2 (and to a large extent the helicity-1) modes may be treated as linear in a regime where the Vainshtein mechanism is active. As discussed in Section VI, this may be well described by the decoupling limit which is the most practical tool for imple-menting fifth force tests of General Relativity. This is realized as follows: for physics at distances much longer than the Planck length M
−1
Pl and much shorter than the cross-over length m −1 g , which applies to most astronomical situations, the DGP model can be greatly simplified by defining the decoupling limit:
where T µν is the stress-energy tensor from L m and Λ 3 is the strong coupling of the model, which is held fixed so as to capture the Vainshtein mechanism and accurately describe the physics around it. In the decoupling limit approximation, omitting the contributions from the vector modes that decouple, the DGP model is given by the local 4D effective Lagrangian (Luty et al., 2003 )
with
whereĥ µν andπ are canonically normalized andĥ µν is described by linearized General Relativity. From the braneworld point of view,π is roughly the brane bending mode as the extrinsic curvature goes like K µν ∼ ∂ µ ∂ νπ .
In this limit, all the nonlinearities are in theπ sector L π DGP , which satisfies the Galileon symmetry (26) and serves as a good proxy for the full DGP model.
B. Lorentz Invariant Hard Mass Gravity
A non-linear Lorentz-invariant theory of massive gravity which eliminate the BD ghost to all orders and where the graviton has a finite hard mass was proposed in (de Rham and Gabadadze, 2010; de Rham et al., 2011b) . This theory of ghost-free massive gravity (sometimes called dRGT) is the unique generalization of linear FierzPauli theory. The action is
where α I are free parameters (α 2 = 1 can be chosen without loss of generality) and with
and
with the principal branch understood for the matrix square root and where g −1 represents the inverse of the metric and η the Minkowski metric η µν . Mathematically, there may be cases where the matrix square root is not well-defined in the real domain, but those correspond to unphysical solutions. Generally, there are several branches of solutions for the matrix square root, and as mentioned above the physical branch is the one where all the eigenvalues of the resulting matrix are nonnegative.
The reference metric η ρν explicitly breaks diffeomorphism invariance, but four nonlinear Stückelberg fields φ α , which are four diffeomorphism scalars, can be introduced to restore diffeomorphism invariance with the replacement
where we define the matrixη asη µν = ∂ µ φ α ∂ ν φ β η αβ It is often useful to decompose φ α as
when examining the effects from different helicities around the Minkowski vacuum, in which case the index α here can be taken as the Lorentz index. Then the action is manifestly invariant under the Galileon symmetry for π, Eq. (26). As discussed in Section II.A, the BD ghost is eliminated because there is a primary second class constraint generated by the special graviton potential U I (K), which in turn generates a secondary second class constraint. The generation of the primary constraint in the Lorentz invariant massive gravity is unique by construction. This ultimately arises from the uniqueness of the Galileon interactions, Eq. (27).
Although there is linear vDVZ discontinuity in this model, an active nonlinear Vainshtein mechanism is at work to screen the non-helicity-2 modes, recovering General Relativity in the m g → 0 limit in conventional situations. All the three massive graviton features described in Section II, namely, the Yukawa potential, modified dispersion relation and fifth force, can be used to put constraints on the graviton mass for this model.
dRGT Decoupling Limit
The dRGT model has many features in common with the soft-massive gravity models. Most notably, in a similarly defined decoupling limit, massive gravity theories reduce to a Galileon theory (plus a few extra interactions) just like the DGP model. If we are interested in physics around the scale of Λ 3 we can define the decoupling limit of the dRGT model by taking the same limits we used for the DGP model in Eq. (34). The full decoupling limit is very complicated when the helicity-1 modes A α are included (Ondo and Tolley, 2013) . But A α does not linearly couple to the matter source, and the vDVZ discontinuity arises because the helicity-0 mode linearly couples to the matter source. Therefore, a good understanding of the Vainshtein mechanism in the dRGT model can be obtained by neglecting the A α modes. The decoupling limit approximation of the dRGT model is (after omitting the vector modes),
whereĥ µν andπ are canonically normalized, a I and b I are dimensionless constants depending only on the free parameters α I (see (de Rham, 2014) for detailed forms of a I and b I ), L Gal I (π) are the Galileon terms defined in Eq. (27), and X
, which is nothing but the equation of motion term for L Gal 4 (π). Thus, all the Galileon terms arise in the decoupling limit of the dRGT model 10 . Two additional interaction terms arise beyond what is generally referred to as the Galileon: The a 2 term, which describes a nonminimal coupling to matter (sometimes referred to as a disformal coupling), and the a 3 term which cannot be diagonalized in a local way, but in this non-diagonal representation is a manifestly local, Galileon invariant interaction. We will review the fifth force tests of the dRGT model based on this decoupling limit.
Extended dRGT models
Once the cat has been let out the bag, and we allow for a single graviton to be massive, it is straightforward to extend this to theories of multiple gravitons which may in turn interact (Hassan and Rosen, 2012a; Hinterbichler and Rosen, 2012) . In these constructions, it is often considered that at least one graviton remains massless, which amounts to demanding that the action retains one overall copy of unbroken diffeomorphisms (without the introduction of Stückelberg fields). However, this choice is not necessary since every massive graviton breaks one copy of diffeomorphism symmetry, and we may imagine a fully spontaneously broken state. What is forbidden, however, are multiple interacting massless gravitons, 10 It seems that the Galileon symmetry is broken in L dl dRGT because of the couplings to matter. This is because we have redefined the helicity-2 modes, i.e.ĥµν is not the original perturbative metric around Minkowski space. Rather it is a mixing between the original helicity-2 modes andπ.
i.e., more than one copy of unbroken diffeomorphisms per set of interacting fields. In theories in which a single massless graviton survives, that massless mode dominates the force at sufficiently large distances, in which case the theory effectively reduces to GR plus a cosmological constant. When looking at the physics within the Compton wavelength of the massive graviton, the contribution from the massless and massive modes may be comparable. However, by making the associated Planck mass for the massless mode much larger than the physical Planck mass, it is possible to effectively decouple the massless mode so that the dominant contributor to the gravitational force are the massive gravitons. In this limit, although quantitatively different, all these models will have qualitative features in common with the theory of a single massive graviton, and so the associated observational constraints will apply, with some careful interpretation. Another line of extending the dRGT model is to introduce extra scalar degrees of freedom (Andrews et al., 2013; D'Amico et al., 2013; De Felice et al., 2013; Huang et al., 2012 Huang et al., , 2015 Huang et al., , 2013 Mukohyama, 2014) , for which similar arguments apply when interpreting the mass bounds.
C. Lorentz Violating Hard Mass Gravity
Before the formulation of Lorentz invariant ghost-free massive gravity, it was believed that the only way to avoid the BD ghost issue in giving the graviton a hard mass (as opposed to a resonance) was to break Lorentz invariance (Rubakov, 2004 ) (see (de Rham, 2014; Rubakov and Tinyakov, 2008 ) for a review). Although Lorentz invariance is broken, rotational symmetry is usually kept intact, thus one may still classify particles into spins according to the induced representations of Galilean group. Breaking Lorentz invariance allows for considerably more freedom in the formulation of the theory, and also allows for models where not all five polarizations of the graviton are present; See (Comelli et al., 2015 (Comelli et al., , 2014 Dubovsky, 2004; Lin, 2013) and references therein. Ref (Dubovsky et al., 2005) discussed the possibility of the Lorentz violating massive graviton as a cold dark matter candidate and the constraint on its mass in this scenario.
The simplest class of Lorentz violating massive gravity keeps the kinetic structure the same as that of General Relativity (Einstein-Hilbert term) and breaks Lorentzinvariance only through the graviton potential. Since the linear mass term does not have to be of the Lorentz invariant Fierz-Pauli form to avoid ghost instability, models with no vDVZ discontinuity can be constructed. For these models, the small mass limit can reduce to General Relativity, even without the need for the nonlinear Vainshtein mechanism. For this class of models, exclusively the helicity-0 mode or the helicity-1 modes may be absent. Recently, a new "minimal theory of mas-sive gravity" has been proposed in (De Felice and Mukohyama, 2016) where the kinetic term also breaks Lorentz invariance and the theory only contains the two helicity-2 modes of the graviton, while the other helicity modes, and thus the fifth force, are completely absent.
In Lorentz violating massive gravity, the breaking of Lorentz invariance is expected to be only present in the gravitational sector. That breaking may propagate into the matter sector (the standard model of particle physics) where Lorentz invariance is extremely well constrained (Bluhm, 2006; Kostelecky and Russell, 2011) , but those effects are expected to be suppressed by the graviton mass and the Planck scale. Lorentz violation in the gravitational sector has also been tightly constrained (Kosteleck and Mewes, 2016; Yagi et al., 2014a,b) .
For most massive gravity models in this class, the mass bounds from the Yukawa potential should be directly applicable. If a model's dispersion relation for the helicity-2 modes is the standard one, it is also expected that the mass bounds from Section V should also be directly applied. For fifth force tests on the other hand, the situation is less straightforward. In most models of massive gravity that break Lorentz invariance, the helicity-0 mode is either absent or does not directly couple to matter and fifth force types of experiments do not constrain those models. There can be however Lorentz-breaking models of massive gravity that involve a helicity-0 mode that couples to matter and these models are then also constrained by fifth-force experiments. In most models of Lorentz-invariant massive gravity (soft or hard) and their extensions, the helicity-0 mode is present and takes a Galileon-like form. For all these models, we hence expect the fifth force constrained to be approximately similar and applicable.
D. Non-local Massive Gravity
There has been recent interest in non-local theories of massive gravity that can be formulated without any reference metric but typically involve = g µν ∇ µ ∇ ν in the denominator in the field equation which may arise when integrating out some degrees of freedom in a local theory (Cusin et al., 2016; Jaccard et al., 2013; Modesto and Tsujikawa, 2013) .
Lorentz invariance is usually kept intact in these models. As formulated, these theories should not (and cannot) be treated as fundamental since the non-localities are indicative of additional degrees of freedom that are present already at low-energy. In other words, these theories cannot be directly quantized as low energy effective theories but may be considered as some emergent classical description of some deeper underlying theories. This implies that these theories may be used as an effective description for classical processes (like the production of gravitational waves by binary black hole mergers and their subsequent propagation) but cannot be used for the description of quantum processes like the production of primordial gravitational waves during inflation which is a genuine quantum mechanical process.
Putting these subtleties aside, for those models where the helicity-2 pole structure is close to that of General Relativity it is expected that the mass bounds from the Yukawa potential and modified dispersion relation should be applicable and therefore the following discussions of § IV and § V are relevant to these models. The scalar mode on the other hand is expected to behave very differently than in standard massive gravity (Jaccard et al., 2013) and the bounds from § VI are not applicable, but an alternative analysis was provided in (Kehagias and Maggiore, 2014 ) and a series of other cosmological tests have been provided in (Dirian et al., 2014; Foffa et al., 2014; Maggiore, 2014 ).
E. Non-Fierz-Pauli Structure
The vDVZ discontinuity for linearized massive gravity, observed in Fierz-Pauli theory, can be artificially removed by considering a slightly different mass term of the form h 2 µν − h 2 /2 (Finn and Sutton, 2002; Visser, 1998) on Minkowski. (Note that here the Minkowski space is assumed to be a valid background, as compared to the cosmological constant case discussed in footnote 6, where the Minkowski space is not a valid background.) The different coefficient in front of the h 2 term as opposed to that in the Fierz-Pauli action (14) directly implies that the theory suffers from a pathological ghost-like instability. Actually, the existence of this ghost implies a repulsive force which, at the linear level exactly cancels that of the standard helicity-0 mode and explains the absence of linear vDVZ discontinuity. Unfortunately, this cancellation will not carry through at higher order. Consequently not only does this theory exhibit a fifth force, it is also plagued by a fundamental instability.
Nonetheless when focused strictly on the helicity-2 modes the bounds put on the graviton mass in this theory are applicable to any other theory of massive gravity.
Interestingly, a non-Fierz Pauli extension of massive gravity was very recently considered in (Knnig et al., 2016) which does carry a ghost but at a sufficiently large scale for it not to be an issue within the region where the theory is explored. This leads to interesting phenomenology, particularly for cosmology. Similar extensions were also considered in the coupling with matter in (de Rham et al., 2014a (de Rham et al., , 2015a . It is expected that all the three categories of tests and bounds provided below (Yukawa Potential, Modified Dispersion Relation and Fifth Forces) are applicable for these types of non-Fierz-Pauli extensions that carry a ghost a sufficiently large scale.
IV. YUKAWA POTENTIAL
As stated previously, when the graviton is given a mass, a generic feature is that the gravitational potential of a static point-like source M changes from the standard Newtonian form M/(M 2 Pl r) to the Yukawa potential
In other words this changes the left hand side of the Poisson equation from ∇ 2 Φ to (∇ 2 − m 2 )Φ. In this section, we will review the bounds put on the graviton mass based on this simple change.
Given a Yukawa potential with a small mass scale, we would naturally have to probe length scales associated with the Compton wavelength of the mass to see large deviations from a 1/r potential. Alternatively, we could look for very small deviations to the gravitational force at distances less than the Compton wavelength. When treated perturbatively, the leading order correction, O(m g r) 2 , is of the same magnitude for all known models of massive gravity. This is independent of whether the potential falls down exponentially at large distances or as power law as in soft-massive gravity (see Section III.A).
As noted in Section II, the Yukawa potential approximation is only valid in the linearized regime of massive gravity theories. Thus the most trusted bounds for the graviton mass from the Yukawa potential will come from systems firmly in this regime like the Solar System. Although gravity may be weaker for larger astronomical structures like galaxies, the components and dynamics of those structures are less understood.
A. Bounds from the Solar System
During the last century, General Relativity has been tested to an extremely high accuracy in the Solar System, especially under the Parametrized Post-Newtonian (PPN) formalism . Particularly, the orbits of the inner planets agree with the predictions of General Relativity to an accuracy of O(10 −8 ). The first order correction to the Newtonian form of the gravitational force from a massive graviton is of order (m g r) 2 = (r/λ g ) 2 . Thus, an order of magnitude estimate shows that λ g has to be 10 4 times bigger than the astronomical units, which gives a good estimate bound ,
km (44) which agrees with the more careful considerations below. In the small m g limit, the effect of a hard mass graviton on the gravitational force can be captured by simply modifying the standard gravitational parameter µ from the radius independent expression GM = M /(8πM 2 Pl ) in General Relativity to having a radius dependence given by
in massive gravity, where M is the mass of the Sun 11 . This means that in massive gravity, Kepler's third law includes a radius dependence,
where a and T are the semi-major axis and the period of the planet orbit respectively. In General Relativity, (neglecting the effects from the other objects in the solar system, and without accounting for the relativistic corrections), the ratio a 3 /T 2 is the same for any planet of the solar system. In massive gravity on the other hand, that ratio differs for every planet since the effect of the mass on the orbits depends on the distance to the Sun. This dependence can be parameterized by η as follows:
where the subscript ⊕ designates quantities associated with the Earth, so naturally, a ⊕ = 1 AU, T ⊕ = 1 year and µ ⊕ is the parameter µ measured at the radius of the Earth. The other quantities in the previous expressions are computed for a different planet in the solar system. A given bound on η then directly translates into a bound on the mass m g as follows,
In (Talmadge et al., 1988) a similar estimation was used when considering a Kaluza-Klein contribution, i.e. an additional fifth force of the Yukawa type in addition to the standard Coulomb gravitational potential. The bounds on the mass of the Kaluza-Klein mode are similar to (48). Using the data from the inner planets, one can establish a two parameter bound on the strength and the range of this fifth force. We emphasize however that the situation considered in (Talmadge et al., 1988) is different than what we have in mind, i.e., constraining a massive graviton where no massless mode is present. The case of a single massive graviton (not an additional Kaluza-Klein mode) was analyzed in . Using the data given in (Talmadge et al., 1988) , it was found that the best bound on the graviton mass comes from comparing the parameter µ from that of the planet Mars, yielding at the 2σ level
This is one of the best and most rigorous model independent bounds on the graviton mass. One could update this bound by using the ephemeris data to compute µ(a) as experienced by various planetary bodies. In addition to the modification of Kepler's third law, the Yukawa potential also induces other effects, the dominant one of which is an additional precession of perihelion of the planet orbit on top of the precession predicted by General Relativity (Talmadge et al., 1988) . For a near circular orbit whose semi major axis a is much less than the graviton Compton wavelength the precession to lowest order in (a/λ g ) goes as
The graviton mass bounds from the anomalous precession are comparable, only a factor of two weaker than the bound from the modified Kepler's third law in (49) . Recently, a new mass bound has been derived from comparing the observational data and the simulations of the S2 (or Source 2) star orbit at the Galactic Center (Zakharov et al., 2016) , m g < 2.9 × 10 −21 eV, λ g > 6.9 × 10 10 km ,
assuming a Yukawa fall-off of the gravitational force. The S2 star is a bright star very close to a structure called Sagittarius A*, which is believed to be a supermassive black hole. This is of course not a bound from the Solar System, but the distance scale of the S2 orbit is of the same order as the Solar System.
B. Bounds from Clusters
As mentioned above, to get a tighter bound on the graviton mass, one may look for a longer "ruler" than the solar system. For this, one naturally looks for galaxies, galaxy clusters, or even superclusters and filaments. These systems can allow us to probe more directly the gravitational force at distances comparable to the graviton's Compton wavelength. Indeed some of the tightest graviton mass bounds come from these structures. However, our understanding of the gravitational interactions for those systems is less robust than the solar system. Even at the level of galaxies, there is an on-going debate concerning the precise distribution of dark matter. Thus, these mass bounds should be taken cum grano salis.
In (Goldhaber and Nieto, 1974) it was noted that clusters, which typically have a size of 1-10 Mpc, are virialized and thus gravitationally bound. Thus they give a direct lower bound on the Compton wavelength of the graviton. Assuming that at least an inner region of a cluster of the size ∼ 0.5 Mpc is effectively gravitationally bound, this simple estimate yields the graviton mass bound
An early similar consideration for galaxies gives a slightly weaker bound at m g < 10 −27 eV (Hare, 1973) . If the same argument can be applied to superclusters or filaments, which were not known in the 1970s, the mass bound may be raised by a few orders of magnitude.
C. Weak Lensing
Weak gravitational lensing can be used to effectively probe the large scale structure of the Universe (Bartelmann and Schneider, 2001) . Giving the graviton a mass changes the propagator from the Newtonian to the Yukawa which differ by a factor of k 2 /(k 2 +m 2 g ). Thus the power spectra of effective convergence (which arises from the two point function) gets an additional multiplicative factor of k 2 /(k 2 + m 2 g ) over the standard one. Using data from a cluster of stars with average redshift z = 1.2, (Van Waerbeke et al., 2001) , and assuming the standard ΛCDM cosmological model, one can fit against the variance of the modified power spectrum in massive gravity, as performed in (Choudhury et al., 2004) . Requiring that the theoretical values for the model do not fall out of the 1σ error bars of the data leads to a bound on the graviton mass of
This is a remarkably strong bound, but one should bare in mind that it requires trusting the statistical methods used as well as the strong dependence on dark matter distributions inferred from a standard ΛCDM cosmological model hence assuming that the graviton mass has little effect on the cosmological evolution. We are hence approaching the type of cosmological tests that may be quite dependent on the specific model involved.
D. Non-Yukawa Potentials
As we discussed in Section II.E.1 not all massive gravity theories necessarily have a Yukawa potential form in the weak field limit. The departure from the Yukawa potential can come from several features.
First, the mass of the graviton is redressed by its environment, so when considering a massive gravity theory in a curved space time, the mass gets redressed by the background making it space-time dependent. As an example when considering (dRGT) massive gravity on FLRW, the graviton mass is redressed as (Fasiello and Tolley, 2012) 
is the redressed graviton mass, H (resp. H 0 ) is the Hubble parameter of the FLRW background (resp. reference metric) and the coefficients c i are order 1 dimensionless coefficients which depend on the parameters α 3 and α 4 (see Eq. (37) for the definition of α 3 and α 4 ). This is an exact example of how the graviton mass gets redressed by its environment. In the case of a localized star, the star curves spacetime in a way which also redresses the graviton mass, and we therefore expect the effective graviton mass to depend on the mass of the star and on its distance to it. These redressing effects may be subtle and could in principle contribute to a departure from the Yukawa potential.
Second, in soft mass theories although the potential is weaker than 1/r it may not quite be Yukawa. This we can see from the asymptotic behavior of the DGP potential, Eq. (33) which is only 1/r 2 (Dvali et al., 2000b) . Finally, many black hole solutions in modified gravity have also non-Yukawa asymptotic form (Berezhiani et al., 2012 (Berezhiani et al., , 2013a Brito et al., 2013; Tolley et al., 2015; Volkov, 2015; Wu and Zhou, 2016) . This may arise either because such solutions rely on different branches which do not connect with the Minkowski vacuum solution, or because the linear weak-field approximation is never an appropriate description of such models and one never recovers a regime with a Yukawa-type of behavior. Interestingly, in many of the exact Black Hole solutions found so far in massive gravity, the potential resembles more a Coulomb potential than a Yukawa potential for the helicity-2 mode and the departures from General Relativity are suppressed in the region near the Black Holes. However much work still needs to be done to determine whether this is truly a generic feature of non-linear massive gravity.
V. MODIFIED DISPERSION RELATION
It is usually assumed that the helicity-2 modes of the massive graviton have a dispersion relation
To lowest order in k 2 , this is the only possible dispersion relation in a Lorentz invariant, hard mass massive gravity theory that is ghost-free, since there are no allowed modifications to the kinetic term beyond the EinsteinHilbert one to that order in derivatives (de Rham et al., 2014b) . For resonance models, a similar statement may be made at the level of the spectral representation. In Lorentz violating massive gravity, if the kinetic term remains in the Einstein-Hilbert form, the relation Eq. (55) is also applicable. In general more complicated dispersion relations may be considered in Lorentz violating theories (Kosteleck and Mewes, 2016) . If the other helicity modes are present, they are usually Vainshtein screened, making it significantly more difficult to find observational effects of their dispersion relation.
In this section, we will review the graviton mass bounds based on the modified dispersion relation (see (Hare, 1973) for an early discussion of such a bound). By dispersion relation, we do not merely restrict to the numerical relation Eq. (55), rather it is meant for the broad context of modifying the propagators with a mass term, and considering dynamical processes and radiative effects.
A. Bounds from Direct Gravitational Waves Detection 1. Gravitational Waves Alone: aLIGO, eLISA, etc.
Gravitational waves generated by a strong gravity system can be observed directly by ground-based gravitational wave detectors such as aLIGO (Abbott et al., 2016c; Harry, 2010) or space-based eLISA (AmaroSeoane et al., 2013). For an inspiralling compact binary, such as GW150914 and GW151226, the frequency of gravitational waves emitted increases during the process. According to the dispersion relation Eq. (30), the lower frequency gravitational waves, which are emitted earlier, travel slightly slower than the higher frequency gravitational waves. This difference in the propagating speed would distort the shape (or phasing) of the observed gravitational waveform, that is, the gravitational wave signal would be shorter or more squeezed than that in General Relativity . In particular, via the matched filtering technique, the signal duration when emitted ∆t e can be determined very accurately , which can then be compared to the signal duration when observed ∆t a . Including the possible Hubble redshift effect, the "time difference" is ∆t = ∆t a − (1 + z)∆t e , where z is the redshift. For the observed gravitational waveform, this arrival difference contributes an extra gravitational wave phase term
where f is the gravitational wave frequency and D = (1 + z) ta te a(t)/a(t a )dt, where a(t) is the scale factor at time t and t e and t a are the emission and arrival time of the signal . Note that D agrees with the standard luminosity distance D L when z 1. Despite the apparent dependence on the distance of the gravitational wave source in this phase term, the mass bound obtained in this way only depends weakly on the distance (an O(1) factor). This is because while the distortion of the signal shape is enhanced with the distance the signal strength decreases with the distance .
By using the dispersion relation alone, a rule-of-thumb estimate for the graviton Compton wavelength is given by
where D can be taken to be the usual luminosity distance. For experiments like aLIGO or eLISA, the phase distortion f ∆t can be measured up to 1/ρ, where ρ is the signal-to-noise ratio, so we may take f ∆t ∼ 1/ρ. For GW150914 with D ∼ 400 Mpc, f ∼ 100 Hz and ρ ∼ 23, we have λ g 10 12 km, which is roughly the number quoted by aLIGO (Abbott et al., 2016d) . A more careful calculation gives at 90% confidence (Abbott et al., 2016d; ) yields
For the event GW151226 the distance is roughly similar, D ∼ 400 Mpc but the Black Hole involved are lighter leading to a higher frequency, hence making the modifications to the dispersion relation in massive gravity less significant. In addition the signal-to-noise ratio is lower, ρ ∼ 13 (Abbott et al., 2016a,b) , so the bound on the graviton mass inferred by GW151226 are not as competitive as those inferred by GW150914 and do not significantly improve the bound (58). Eq. (58) was also confirmed by Ref. (Yunes et al., 2016) which also further constrained the generic corrections on the graviton dispersion relation from the events GW150914 and GW151226. For space-based laser-interferometer detectors such as eLISA, much higher signal-to-noise ratios can be achieved and much lower GW frequencies can be measured. From black hole binaries with masses of 10 4 to 10 7 M , one would expect D ∼ 3 Gpc, f ∼ 10 −3 Hz, and ρ ∼ 10 3 , so that eLISA could typically constrain the graviton mass at m g < 10 −26 eV, λ g > 10 16 km (projected). (59) See Table I of for more details. This predicted bound would be weakened by about an order of magnitude for massive black holes with aligned, non-precessing spins (Berti et al., 2005; Scharre and Will, 2002) ; however, in a generic case once the effect of spin precession is incorporated, the bound can be restored (Stavridis and Will, 2009 ). For very massive black hole binaries, the bound can be raised by an order of magnitude when the gravitational waveform templates are improved by higher harmonics (Arun and Will, 2009; Huwyler et al., 2012) . For an ensemble of gravitational wave events, the combined mass bound can be improved by a factor greater than the square root of the number of events. For example, the bound can be raised by an order of magnitude by detecting about 50 events in a two year space-based mission (Berti et al., 2011) . More careful bounds are available by taking into account the specifics of Einstein Telescope, LISA, DECIGO and BBO 12 (Berti et al., 2005; Keppel and Ajith, 2010; Will and Yunes, 2004; Yagi, 2013) and by using eccentric binaries (Jones, 2004; Yagi and Tanaka, 2010a) . More sophisticated Bayesian statistics have been employed to modelselect between massive gravity and General Relativity based on the gravitational waveform phasing difference and estimate the model parameters using the nested sampling (Monte Carlo) algorithm (Del Pozzo et al., 2011) . This is claimed to slightly improve the mass bound compared to the Fisher information matrix approach used by and others.
Much insight can already been gained using a fully analytical waveform template based on the perturbative Post-Newtonian formalism that can model the inspiral stage of the coalescence process, . However recent progress in numerical and analytical relativity (Keppel and Ajith, 2010 ) have led to a full improved inspiral-merger-ringdown waveform template. This allowed (Keppel and Ajith, 2010) to fully take into account the whole waveform signal, which is expected to improve the mass bound by an order of magnitude. The only massive graviton effect considered in (Keppel and Ajith, 2010 ) is the modified dispersion relation after the gravitational waveform is generated, i.e. when the gravitational waves are propagating. This approach has been justified by (Yunes et al., 2016) , which estimates that the propagation effects are about 18 orders of magnitude stronger than generation effects assuming a non-FierzPauli structure for the graviton potential. In massive gravity theories, the black hole solutions and their horizons could be modified to become hairy and the merger (nonlinear strong gravity) and ringdown (quasi-normal modes) periods are particularly sensitive to the near horizon geometry. For a complete treatment, the hairy structure of the black hole should be included, which would then be model-dependent.
Multi-Messenger Detection
Another way to constrain the graviton mass is by detecting a multi-messenger event, meaning that photons or neutrinos are detected alongside the gravitational waves. Then, the arrival phase or time difference between the two kinds of signals can be used to estimate the mass bound using relation Eq. (57).
Interacting binary white dwarfs (IBWDs) are one of these systems where multi-messenger detection is feasi-ble (Cutler et al., 2003; Larson and Hiscock, 2000) . In a stellar binary system which emits both gravitational and electromagnetic waves like IBWDs, the energy of the emitted gravitons is much smaller than the energy of optical photons. Thus according to the dispersion relation (30) the photon velocity is much closer to c = 1 than the graviton velocity even if the photon mass was much larger than the graviton mass. This means that this method does not need to presume the photon is exactly massless or even have a better bound than the graviton; indeed, the current bounds for the photon mass are much weaker than those of the graviton mass (see the "γ mass" section of (Olive et al., 2014) ).
A particularly interesting class of IBWDs are helium cataclysmic variables (HeCVs). HeCVs are binary systems where a white dwarf accretes hydrogen rich matter from its companion, creating unstable accretion disks. These disks create outbursts when part of them fall into the white dwarf. During these outbursts the stored potential energy is released through both gravitational and electromagnetic waves. One of the best known example of such systems is the AM Canum Venaticorum variable binary in the constellation of Canes Venatici. A few HeCVs have been detected and have been studied optically. Many more are predicted to exist in the Galaxy and detectable by future space-based gravitational wave detectors such as eLISA (Larson and Hiscock, 2000) . To estimate the arrival phase difference, one needs to know the initial phase difference between the gravitational and electromagnetic wave signal. This can be achieved by making two observations of the source half a year apart, and can be more accurately determined by optically imaging those binaries' detailed structure (Larson and Hiscock, 2000) . The former method has the disadvantage of exchanging the galactic distance for the much smaller 2AU distance, which degrades the mass bound. The latter method yields a projected typical mass bound of m g < 10 −24 eV, λ g > 10 14 km (projected). (60) For close orbiting white dwarf binaries, a mass bound of the same order of magnitude is also expected (Cooray and Seto, 2004) . The method of bounding the graviton mass from short gamma-ray bursts (SGRBs) and supernovae (SNe) is very similar to the one described previously for IBWDs, i.e. by comparing the propagation time difference between multiple messengers. In the cases of SGRBs and SNe, the second messenger can be the photon, neutrino, or both. The seemingly non-trivial factor to determine is again the messengers' initial emission time difference. The model building and the numerical simulations of SGRBs and SNe have reached such a level of maturity that the initial time delays can be accurately determined, giving rise to some competitive graviton mass bounds. In the event where the detection of a SGRB or SN was accompanied with a direct gravitational wave detection, the resulting bound on the graviton mass could reach (Nishizawa and Nakamura, 2014) m g < 10 −20 eV, λ g > 10 10 km (projected). (61) The possibility of real-time multi-messenger detections by a satellite mission such as LISA from supermassive black hole (SMBH) binary coalescences in the presence of gas has been considered in (Kocsis et al., 2008) . The accompanying electromagnetic signal may significantly help LISA/eLISA locate the gravitational wave source. A graviton mass bound can again be established by comparing the arrival times of the two messengers. However, for a SMBH, the timing uncertainty is limited by the dynamical scale of the SMBH merger which is one final gravitational wave cycle. This is sizable in constraining the graviton mass. For a SMBH with 10 6 M at a cosmic distance, this translates to a detection limit of m g ∼ 10 −25 eV. However, a better understanding of the dynamical process of the SMBH coalescence with gas may lower the detection limit by making use of the relation between the phasing of the two messengers (Kocsis et al., 2008) . It is also worth emphasizing that the previous results assumes that the gravitational and electromagnetic waves are emitted at the same time, an assumption which may lead to some systematic errors. A better understanding of the initial phasing difference between the gravitational and electromagnetic wave signals would therefore be useful.
B. Bounds from Primordial Gravitational Waves
It is naturally expected that physics at length scales comparable to the graviton Compton wavelength should be most sensitive to the scale of the graviton mass. For a mass of the cosmological scale, one would expect that cosmology gives the best bounds. The cosmic microwave background (CMB) probes the physics at the recombination epoch and has been precisely measured since the 1990s, ushering in the so-called era of "precision cosmology". Indeed, it has been shown that if the B-mode polarizations of the CMB were observed 13 , a massive graviton could give rise to a characteristic B-mode power spectrum at low if its mass was around the Hubble scale at that time of recombination (Dubovsky et al., 2010) . This is just four orders of magnitude bigger than the current Hubble constant.
A massive graviton modifies the tensor mode equation of motion by adding a mass term in the tensor mode 13 Such observations are the targets of many experiments such as BICEP, Spider, POLARBEAR, CMBPol, etc. (Ade et al., 2014a,b; Baumann et al., 2009; Crill et al., 2008) .
evolution equation of the form (Dubovsky et al., 2010 ) (62) where D q (τ ) is the tensor mode amplitude of the comoving momentum mode q, τ is the conformal time, a is the scale factor and J q (τ ) is the external source. We stress that in (62), the mass scale m g should be thought of as the effective graviton mass which may be redressed similarly as in (54) and hence be significantly different from the bare mass in the early Universe. At high momenta q m g a, the additional mass m g is negligible, and the modes behave as in General Relativity. In General Relativity, the tensor modes are frozen if their wavelengths are bigger than the Hubble horizon at the time, which does not contribute to the CMB temperature anisotropies. In a massive theory, on the other hand, the superhorizon wavelength modes will start to oscillate when the Hubble parameter drops below the graviton mass, which generates temperature anisotropy quadrupoles that can be converted to B-mode polarizations during the recombination and reionization epochs 14 (Dubovsky et al., 2010) . The characteristic signature of this massive graviton effect is that there will be a raised plateau for the < 100 modes of the B-mode spectrum if the mass is around the Hubble scale of the recombination or a couple of orders of magnitude above it (Dubovsky et al., 2010) . The amplitude of the raised plateau actually oscillates when m g varies, which can be linked to the local isotropy of the early Universe and is similar to the well-known acoustic peaks of the scalar modes (Dubovsky et al., 2010) . For an effective mass that is much bigger than the recombination Hubble scale, the relevant modes oscillate rapidly and the end result averages out, so the low B-modes get strongly suppressed. See Fig. 2 for a schematic sketch. Observation of such a raised plateau at low in the ongoing and further CMB polarization experiments would strongly support that the graviton is massive, and a null observation can place a bound on the massive graviton:
−30 eV, λ g > 10 20 km (projected). (63) Note that this B-mode signature is very clean as the primordial gravitational waves decouple from the environment after their production. Furthermore other secondary B-mode sources are negligible at < 100. Also, it seems to be difficult to come up with inflation models or other mechanisms to mock up such a signature (Dubovsky et al., 2010) . For example, even a significant modification of the gravitational wave sound speed from one would mostly just shift the B-mode spectrum slightly (Raveri et al., 2015) (see also (Amendola et al., 2014) ). Detection of primordial polarization would hence provide a clear bound on the effective graviton mass at the time of recombination. Effects coming from a squeezed vacuum state on B mode polarization in Lorentz-breaking massive gravity were also recently considered in (Malsawmtluangi and Suresh, 2016) and could potentially provide additional bounds for these theories. Recently, the improvement of the graviton mass bound from proposed future CMB experiments has been studied, and it is projected, assuming a tensor-to-scalar ratio of r = 0.01, that the bound can be pushed down to m g ∼ 10 −32 eV (which is comparable to the graviton mass that may produce the late time cosmic acceleration) for the experiments such as COrE (Cosmic Origins Explorer), CMB Stage-IV and PIXIE (Primordial Inflation Explorer) (Lin and Ishak, 2016) .
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FIG. 2 A schematic sketch of B-mode power spectra for a range of graviton masses (See Fig. 3 of (Dubovsky et al., 2010) for more details). We use Hr as the Hubble parameter at recombination. A characteristic plateau appears at < 100 when the graviton mass is of the order of the Hubble parameter at recombination. When mg is much bigger or smaller than Hr, the low power spectrum is, on the other hand, suppressed.
C. Bounds from Indirect Gravitational Wave Detection
Pulsar Timing
The timing of the periodic pulses of binary pulsars can be measured by radio telescopes with extraordinary precision. The gravitational field around a binary pulsar is relatively strong, so its gravitational wave emission can induce sizable changes for the period of the binary pulsar. The measured changes can be used to precisely constrain gravitational theories.
As mentioned in Section II, gravitational waves typically have more polarizations in massive gravity as com-pared to General Relativity in which there are only two transverse tensor modes. The existence of these additional polarizations in massive gravity theories could lead to new channels of gravitational wave radiation which can be constrained by observations. Since this effect arises from the new polarizations, its precise effect is discussed in Section VI.B as part of the discussion on fifth force effects. In this section we focus solely on the fact that the two transverse tensor modes already present in General Relativity could have a mass. This leads to a different gravitational wave power emitted in binary pulsar systems and thus a bound on the graviton mass. This is the rationale followed by (Finn and Sutton, 2002) . As mentioned in Section III.E, the precise model considered in (Finn and Sutton, 2002) is not physically viable as it suffers from an incurable ghost-like instability. Nevertheless, the behavior of the tensor modes is the same as that in a healthy theory of massive gravity and the bounds provided by (Finn and Sutton, 2002) are in principle applicable to binary pulsar systems. The calculation of (Finn and Sutton, 2002) follows closely that of General Relativity, but the field equation is modified to
where T µν is the matter energy momentum tensor. After computing the gravitational wave power emission and comparing that to the data from PSR B1913+16 and PSR B1534+12, the combined bound at 90% confidence is m g < 7.6 × 10 −20 eV, λ g > 2.6 × 10 9 km.
There is a theoretical ambiguity in making only the tensor modes massive. In the massless case, the tensor mode h TT ij is given by the transverse and traceless part of h ij . When generalizing to have a mass term for the tensor mode, one may choose to keep the transverse and traceless projection and thus have a mass term proportional to h TT ij h TTij . However this breaks Lorentz invariance. The approach taken by (Finn and Sutton, 2002) is to take the equations for linear General Relativity and simply add a mass term for the tensor mode by replacing → −m 2 g . These two approaches "minimally" generalize the massless case in a different way. They both formerly reduce to General Relativity in the small m g limit, however the two approaches differ by an O(m 2 g ) correction. The bounds from the binary pulsar systems as derived in (Finn and Sutton, 2002) precisely relies on the O(m 2 g ) effect, which is affected by this ambiguity. A fully consistent calculation in a consistent Lorentz invariant theory has not yet been done, however it is likely that the (Finn and Sutton, 2002) gives the correct bound within a factor of order unity and thus despite its theoretical problems may still be taken seriously.
Pulsar Timing Arrays
A passing gravitational wave can shift the frequency of the very precise pulsar timing. An array of widely spaced millisecond pulsars can hence be used as a nanoHertz gravitational wave detector by timing the pulsars together coordinately (Hobbs et al., 2010) . By analyzing the angular correlation between the timing residual of pulsar pairs, it is possible to detect a stochastic nanoHertz gravitational wave background from massive black hole binaries (Lee, 2013; Lee et al., 2010) . If the graviton is massive, the dispersion relation (57) indicates that a gravitational wave with frequency less than m g attenuates or does not propagate. This can significantly change the angular correlation of the timing residuals by flattening out the power spectrum for a graviton mass no bigger than the inverse of the observing time (Lee et al., 2010) . At least 60 pulsars are required to make such a measurement. For an array of 300 pulsars with 100 ns timing accuracy a 10 year observation would bound the graviton mass (Lee et al., 2010) 
D. Bounds from Graviton Decay
If the graviton is not the lightest particle, then it will inevitably be unstable since it necessarily couples to the lightest particle. In particular, if in a given theory the photon remains massless, then the graviton will be unstable to decay into two photons, see Fig. 3 . In addition, in theories where there exist multiple light scalar fields (e.g. axions, possibly in a hidden sector and thus not subject to Standard Model constraints), the graviton may decay into many different channels by an amount which grows with the number of lighter degrees of freedom. The observation of gravitational waves from aLIGO puts a very minimal constraint that the decay time for the gravitational waves is longer than the time taken for the waves to reach us from their binary black hole merger source. More generally, one may worry that if the decay time for the graviton were shorter than a Hubble time, a given massive gravity theory may run into conflict with current cosmological observations. A conservative bound on the graviton decay rate is then
that is
In models where the graviton is a resonance, such as the DGP model, the graviton already has a finite lifetime even without taking into account its possible decay into photons. In particular, for the DGP model one may easily show that the decay rate is of the order of the graviton mass and so this conservative bound would imply m g H today , which is indeed necessary for the DGP model to produce early time cosmology correctly. On the other hand, in a theory of hard mass gravity, at tree level in the graviton propagator Im[m 2 g ] = Γ = 0, and we must look at loop effects on the graviton self-energy, which by the optical theorem correspond to tree level decays of gravitons into lighter particles. Since any such decay is necessarily Planck suppressed, then on dimensional grounds alone we may estimate the magnitude of such a decay to be
where N is the number of lighter species. This conservative constraint then amounts to
The number of lighter species must necessarily be exponentially large for this bound to become in any way competitive with any of the other bounds discussed. A slight variant on this bound is given in (Hare, 1973) , where the author considers a gravitational wave being detected at a given frequency ω. In the rest frame of the receiver, the bound from the decay is then weakened by the associated Lorentz boost factor γ = ω/m g , i.e. in the rest frame of the receiver Γ ∼ N m 4 g /(ωM 2 Pl ). If the distance travelled by light from its emitter is τ , then the bound becomes
Since γ ≥ 1 and τ H −1
today this bound is always weaker than the previous one 15 .
We note that an interesting conundrum arises in the calculation of the decay rate in a hard mass gravity theory. The decay rate is determined by the imaginary part of the self-energy in the graviton propagator. In a hard mass theory, this imaginary part arises only at the loop level, e.g. by an intermediate photon loop. This is consistent with the optical theorem whereby the imaginary part is determined by the squared modulus of the tree level process for a graviton to decay into two photons. The conundrum is that if photons couple to gravity in a diffeomorphism invariant way, which is usually assumed in massive gravity theories, then their loop effects cannot break diffeomorphism invariance. Naively a diffeomorphism invariant operator is not expected to generate a mass term, and therefore is not expected to correct the self-energy, which would lead to a contradiction with the optical theorem. The resolution is that in a theory in which diffeomorphism invariance is already broken, so a non-zero mass m g is already present, the addition of a diffeomorphism invariant operator (e.g. R ln[− ]R, of the type that arise from integrating out massless particles) will shift the pole in the propagator by an amount that tends to zero as
Pl . This is then consistent with the recovery of the symmetry as m g → 0. This argument is closely analogous to the technical naturalness argument used to imply that the graviton mass is not expected to receive large quantum corrections due to the reemergence of the symmetry as m g → 0 (de Rham et al., 2013a,b) . In other words the graviton decay width is guaranteed to be small by the same naturalness arguments, if it is already small at tree level. As we have seen the exception to this is if the number of particles contributing in the loop is itself exponentially large.
VI. FIFTH FORCE
In this section, we review the bounds on the graviton mass from the fifth force 16 constraints on the additional modes that arise in massive gravity models. In doing so we have in mind principally Lorentz invariant models or Lorentz violating models that continue to have a linear vDVZ discontinuity. Lorentz violating models with no vDVZ discontinuity do not by construction exhibit significant fifth forces. Our central focus will be the helicity-0 mode. In principle, the helicity-1 modes can induce some "fifth force", but in the decoupling limit, the helicity-1 modes usually do not couple to matter directly, whereas the helicity-0 modes do. In a given nonlinear massive gravity model, a nonzero coupling will be turned on for the helicity-1 mode (and of course interactions are generated at loop level), however the helicity-1 interactions will be inevitably significantly suppressed relative to the helicity-0 interactions provided only that m g M Pl . Although at the linear level, the helicity-0 modes appear to couple to matter with equal strength as the helicity-2 modes, as mentioned in Section II.D, this is not the case in the presence of matter thanks to the nonlinear Vainshtein screening mechanism. Nevertheless, they do continue to induce small fifth forces, which are tightly constrained in the solar system and beyond.
The mass bounds in this section are some of the best bounds on the graviton mass, reaching or approaching the order of the Hubble scale. These bounds may appear to be model dependent, as the discussion involves explicit models such as DGP (Dvali et al., 2000a,b) and dRGT (de Rham and Gabadadze, 2010; de Rham et al., 2011b) , and often makes explicit use of their nonlinear interactions in the decoupling limit, which are of the Galileon form. But we emphasize that these bounds are arguably less model dependent than they seem, because in models containing the helicity-0 mode, this mode is naturally Galileon-like, as in the Stückelberg decomposition two indices of the metric become two partial derivatives which respect the Galileon symmetry (see Eq. (19) and Section II.D.3). Indeed the one universal feature of all Lorentz invariant massive gravity models is the Galileon field. This also occurs in other models of massive gravity like Cascading Gravity (de Rham et al., 2008a,b) as well as three-dimensional New Massive Gravity (Bergshoeff et al., 2009; de Rham et al., 2011a) .
In the dRGT case we shall focus on those models for which a 3 = 0, since including a 3 typically leads to instabilities (Berezhiani et al., 2013a) .
A. Bounds from the Solar System
Lunar Laser Ranging Experiments
The lunar laser ranging experiment (Williams et al., 2004) has become an important tool to constrain gravitational models. The measurements of the perihelion precession of the lunar orbit have reached a sensitivity of 10 −11 (Merkowitz, 2010) , and strong bounds on the graviton mass can be derived from them. As mentioned above, the decoupling limits of the DGP and dRGT models (see Section III.A.1 and Section III.B.1) are used for the bounds reviewed here. The decoupling limit of these theories are good approximations of the full DGP and dRGT models in the context of the lunar laser ranging experiment, assuming that the Compton wavelength λ g is much longer than the distance between the Earth and the Moon. a. DGP In the decoupling limit, the DGP model reduces to a linearized helicity-2 sector plus a cubic Galileon field theory, and the graviton mass manifests in this limit in the strong coupling scale Λ 3 = (m 2 g M Pl )
1/3 . Matter couples to the following metric perturbation about flat spacetime
where π is the Galileon field, playing the role of the additional helicity-0 mode and giving rise to the fifth force. The change in the gravitational potential of the earth is given by δΦ = Φ − Φ GR = −π, where Φ GR = r S,⊕ M Pl /r, with r S,⊕ the Schwarzschild radius of the earth, and π is obtained by solving the static and spherically symmetric Galileon field equation derived from Eq. (35). In solving the Galileon equation, it is important to recognize the nonlinear scale of the equation, that is, the Vainshtein radius of the earth, which comes in at r V,⊕ = r S,⊕ /m 2 g 1/3
(e.g. (Dvali et al., 2003) ). The Vainshtein radius is huge for the range of m g we are exploring here, and the moon is firmly within that radius. In this limit r r V,⊕ , the Galileon equation is dominated by the highest order term, and can be easily solved to give
The fractional shift in the gravitational potential induces an anomalous perihelion precession of the lunar orbit given by
where a is the semi-major axis of the lunar orbit. Evaluating this derivative we find the precession in DGP to be δφ ∼ 3π 2 a r V,⊕ 3/2 .
Solving this for a bound on the graviton mass yields
With the sensitivity of the lunar laser range experiments δφ ∼ 10 −11 , the earth-moon system thus gives a mass bound (Dvali et al., 2003) 17 m g < 10 −32 eV, λ g > 10 22 km (77) which is interestingly around the current Hubble scale.
b. dRGT The full decoupling limit of the dRGT model also involves the helicity-1 modes Ondo and Tolley, 2013) , but the helicity-1 modes do not couple to the matter directly. If the helicity-1 modes are neglected along with higher order helicity-2 to matter couplings, it is just a linearized helicity-2 sector plus the full Galileon field theory, which may well capture the correct order of magnitude of the mass bound, and the graviton mass again appears in the strong coupling scale Λ 3 = (m 2 g M Pl ) 1/3 . In this simplified theory, the only difference, compared to the DGP model, is that now one needs to solve a quartic static and spherically symmetric Galileon equation, which is equally easy to do in the limit r r V,⊕ ,
Again, evaluating Eq. (74) we find the precession in this decoupling limit
yielding the bound on the graviton mass 
Note that, compared to the DGP case, the graviton mass is less sensitive to the perihelion in the dRGT model, as it comes in as δφ 3/4 . Using the sensitivity of the lunar laser range experiments the graviton mass bound from the perihelion precession of the lunar orbit is given by m g < 10 −30 eV, λ g > 10 20 km ,
which is slightly weaker than the bound for the DGP model (77).
Planetary Orbits
There have also been attempts to bound the graviton mass from the full theory of the DGP model using the planet orbits in the solar system. In (Gruzinov, 2005 ) the corrections to the Schwarzschild solution in the full fivedimensional DGP theory were computed. In the small m g limit the corrections behave as 
This is also consistent with another bound also derived from a full five-dimensional picture for the DGP model by (Lue and Starkman, 2003) , where the additional perihelion precession over General Relativity is calculated to be δφ = 3πm g r 3 /r S 1/2 /2 3/2 . Both of these calculations lead to the graviton mass being proportional to m g < δφ r S r 3 1/2 .
In either calculation the fractional δφ deviation is then required to be less 10 −8 at r ∼ 5 AU based on the precision of Jupiter's orbit from (Talmadge et al., 1988) . This bounds the graviton mass at the 2σ level to (Gruzinov, 2005) m g < 10 −32 eV, λ g > 10 22 km.
Note that this bound is the same order as the bound from the decoupling limit of the DGP model using the lunar laser range experiments in (77). Furthermore it has the same suppression in terms of δφ, the Schwarzschild radius, and the semi-major axis as from the Lunar precession in (76). This suggests that for the dRGT theory we would expect, via a similar calculation, that the Solar System provides a bound that schematically goes as what we found in Eq. (80),
B. Bounds from Binary Pulsars
As discussed in Section II, in massive gravity theories gravitational waves will have additional polarizations. In the DGP and dRGT model the extra polarization from the scalar Galileon mode would also radiate power from Binary Pulsar systems. Systems like the HulseTaylor Pulsar (Hulse and Taylor, 1975; Taylor and Weisberg, 1989; Weisberg and Taylor, 2005) can therefore give bounds for the graviton mass in Galileon theories based on the limits on extra power that can be emitted in these Galileon modes (de Rham et al., 2013d) . To date, the Hulse-Taylor system still remains the best pulsar system to bound the graviton mass. This is mainly because most of the other binary pulsar systems are more relativistic, leading to a more efficient Vainshtein mechanism which suppresses the power emitted into the helicity-0 mode. Observations of the Hulse-Taylor system can be used to put a bound on the graviton mass. In particular, for any theory which is well captured by a cubic Galileon in its decoupling limit one gets (de Rham et al., 2013d) m g < 10 −27 eV, λ g > 10 17 km .
When including the quartic Galileon terms that arise in some massive gravity theories, like in the dRGT model, the perturbation theory about the static and spherically symmetric configurations used to derive this bound breaks down (de Rham et al., 2013c) . This breakdown should really be understood as a failure of the approximation used. In other words, perturbations are nonlinear and thus should contribute to their own Vainshtein suppression (de Rham et al., 2013c) . Numerical work is currently underway to solve this quartic Galileon system exactly (Dar et al., 2016) .
C. Bounds from Structure and Lensing
The existence of the helicity-0 mode of the graviton (the Galileon mode) can in principle strengthen lensing potentials. In the decoupling limit of the DGP model, the helicity-0 mode couples to the trace of the stressenergy tensor and therefore decouples from the photon in that limit. In the dRGT model, however, the theory also involves a coupling of the form ∂ µ π∂ ν πT µν which implies that photon are sensitive to the helicity-0 mode. For dRGT massive gravity, the lensing potential Φ L = (Φ − Ψ)/2 (Φ and Ψ being the usual scalar metric perturbations in Newtonian gauge) would be modified by adding
to Φ as worked out in (Wyman, 2011) . For a spherically symmetric body, this will yield a fractional change in the lensing potential of 
This peaks at 4% at r/r V ∼ 0.33. As stated in (Park and Wyman, 2015; Wyman, 2011) , putting an observational constraint on this would best be done with galaxy-galaxy weak lensing because of the intermediate length scale at which this effect peaks. Current surveys like the Sloan Digital Sky Survey III (Alam et al., 2015) do not have the fine mass binning to put constraints on the graviton mass but a survey with four mass bins within a range of 10 13 M − 10 14 M could in principle put a 4σ constraint on the graviton mass of m g < 10 −33 eV, λ g > 10 23 km (projected). (89) Although this projected constraint is insensitive to the concentration of the NFW halo, it may be sensitive to different halo profiles that could arise in this modified gravity theory. Future experiments may also be able to put a bound on the graviton mass from the change in structure formation from the fifth force. Such observations are predicted in (Barreira et al., 2016; Khoury and Wyman, 2009; Park and Wyman, 2015; Wyman, 2011; Zu et al., 2014) to give bounds on the order of m g < 10 −32 eV, λ g > 10 22 km (projected) . (90)
VII. DISCUSSIONS
We have presented a list of competitive bounds on the graviton mass which is summarized in Table I . For bounds from the same method, we only listed the typical, representative mass bound. In addition to the constraints presented so far, there are a few additional effects which could provide model-dependent constraints. For instance the cosmological evolution of the Universe is expected to be very sensitive to the graviton mass. If the graviton mass is of the current Hubble scale, then the late time cosmological observations should be good probes to establish a tighter bound. Indeed, there is a vast literature on these, most of which, however, are very much model dependent. For instance, the DGP model affects cosmology in a significantly different way as compared to the dRGT model or Lorentz-breaking massive gravity. The review of these bounds would warrant a separate review and we defer to the review (de Rham, 2014) .
Moreover, there could be additional constraints coming from the existence of different polarization of gravitational waves in Lorentz-invariant theories which we have not explicitly discussed here. In the case of the recent direct detections of Gravitational Waves GW150914 and GW151226, the data did not allow a precise comment on the potential existence of other polarizations. In the future, when Virgo is included or for multi-messenger detections with companion electromagnetic or neutrino signals, a much better handle on the other polarizations could be achieved since the direction of the gravitational wave signal may be inferred from the other messenger. The existence of additional polarizations would automatically imply new physics beyond General Relativity and could be a strong hint for massive gravity or other models of modified gravity. However the reverse situation where no additional polarizations are observed would likely put little to no bound on the graviton mass. This is because during black hole or neutron star mergers, the Vainshtein mechanism is expected to be highly active and therefore to significantly suppress the amount of radiation emitted in these additional modes (see for instance (de Rham et al., 2013d) for related discussions.)
Another aspect we have not considered is Cherenkov radiation. For Lorentz violating theories of gravity (including Lorentz breaking theories of massive gravity) the equivalent of Cherenkov radiation is possible where particles that travel faster than the graviton may radiate gravitational waves (Blas et al., 2016) . This process is kinetically forbidden in Lorentz invariant theories of gravity but can occur if Lorentz invariance is broken in the gravitational sector or in the coupling between gravity and matter. This process can be used to put a bound on the difference between the speed of light and gravity from high energy cosmic rays (Caves, 1980; Moore and Nelson, 2001 ) and constrain modifications of the dispersion relation for gravitational waves (Kiyota and Yamamoto, 2015) . This bound on the difference in speeds translates into a very weak bound for the graviton mass even if Lorentz violation is purely coming from the graviton mass. A bound on the speed of propagation of gravitational waves was also derived in the context of Galileon scalar-tensor theories at the level of 10 −2 via binary pulsar observations (Beltran Jimenez et al., 2016) .
A Yukawa gravitational potential with a small graviton mass would also be able to explain the observed lack of power in the CMB low . The relative weakening of the gravitational potential at large scales would modify structure growth at large angles and thus decrease the power at these same scales (Kahniashvili et al., 2015) .
ACKNOWLEDGMENTS
CdR is supported by a Department of Energy grant DE-SC0009946. AJT and SYZ are supported by Department of Energy Early Career Award DE-SC0010600. We would like to thank Clifford Will and Leo Stein for comments.
